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We determine the lattice generated by the perfect 2-matchings of a graph in terms 
of the corresponding linear subspace of [WE. c 1989 Academic Press, Inc. 
In studying various graph theoretical objects (like matchings, stable sets, 
acyclic subgraphs, Hamiltonian cycles, etc.) one often associates with these 
objects the polytope generated by the incidence vectors of the objects in 
question. This by now rather common approach has been quite successful ; 
see, e.g., the survey by Pulleyblank [4] on “polyhedral combinatorics.” 
Recently, Lovasz [l] suggested that one consider the lattice generated by 
the incidence vectors too. In particular, he gave the following result: 
THEOREM 1 (Lovasz). Let G be a graph, and denote by Lmatch( G) (resp. 
by lin match(G)) the lattice (resp. the linear span) generated by the incidence 
vectors of perfect matchings of G. If G is bipartite, then one has 
L match(G) = lin match(G) n Z E. 
The case of general graphs is considerably more involved; see Lovasz [2]. 
In the present note, we give a similar characterization of the lattice 
L2M(G) generated by the perfect 2-matchings of a graph G = ( V, E). Recall 
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that a perfect 2-matching of G is a vector in (0, 1, 2}E such that for each 
vertex v the sum of all components corresponding to edges incident with v 
is exactly 2. (In particular, “doubling” a perfect matching of G gives a 
perfect 2-matching.) We refer the reader to Lo&z and Plummer [3] for 
more on perfect 2-matchings. We shall denote by Lin 2M(G) the linear sub- 
space of [WE generated by the perfect 2-matchings of G. Finally, let (Z”), 
denote the set of all vectors in ZE whose coordinate sum is divisible by m 
(m a positive integer). Then our result reads as follows: 
THEOREM 2. Let G be any graph on n vertices, where n = 2”b with b odd, 
Then one has 
L%M(G) = Lin 2M(G) n (Z”) 2”. 
YroojI If xF= (x,F)~~~ is a perfect 2-matching of G, then C xr= n = 2”b 
is divisible by 2”. Hence any integer linear combination of perfect 
2-matchings of G is divisible by 2”, and L2M(G) is contained in 
Lin 2M(G) n (Z”) 2”. 
Conversely, let x be any vector in L2M(G) n (ZE) 2”. Then, for each 
integer K, 
x’ = x + c KX,E Lin 2M(G) n (Z”) 2”, 
where the summation is over all perfect 2-matchings of G. Choosing K 
sufficiently large, we may also assume ~‘30. We now define a multigraph 
H obtained from G by replacing each edge e by XL parallel edges. Since x’ is 
a linear combination of the X,, it is clear that H is a regular multigraph, 
say with degree r. But then 
and thus r is even (since C x2 is divisible by 2” and since b is odd). 
By a well-known result of Petersen, H admits a 2-factorization (see, e.g., 
Lo&z and Plummer [3]). But each %-factor of H induces a perfect 
%-matching of G, and this the 2-factorization of H yields a representation 
of x’ as an integer linear combination of the x,; clearly then also 
x=x’-CKX,EL~M(G). 1 
Note that a 2-factor of H does not necessarily induce a 2-factor of G, 
since it may contain parallel edges of H. Indeed, the statement analogous 
to Theorem 2 for 2-factors instead of perfect a-matchings is incorrect. For 
example, let G be the Petersen graph. Then (2, 2, . . . . 2) E Lin 2M(G) n 
(Z”),, but (2, 2, . . . . 2) is not an integer linear combination of 2-factors of G: 
G has 6 linearly independent l-factors summing to (2, 2, . . . . 2), and thus the 
complementary 6 independent 2-factors sum to (4, 4, . . . . 4) and the unique 
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linear combination of these 2-factors giving (2,2, . . . . 2) has coefficients l/2; 
cf. LovAsz [l]. Note, however, that (2,2, . . . . 2) is indeed an integer linear 
combination of perfect 2-matchings of G (double a l-factor and take twice 
the complementary l-factor), as required by Theorem 2. 
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